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Abstract: In this paper, we investigate the semiclassical strings in AdS^ x 5^, in which the 
string configuration of AdS^ is classified to three cases depending on the parameters. Each 
of these has a different anomalous dimension proportional to log S, S^^^ and S, where S is 
a angular momentum on AdS^. Further we generalize the dispersion relations for various 
string configuration on AdS^ x S^. 
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1. Introduction 

A remarkable development in the study of string theory of last decade is the celebrated 
string theory-gauge theory duality ||T[, which relates the spectrum of semiclassical string 
states on AdS^ x to the operator dimensions of = 4 supersymmetric Yang-Mills 
(SYM) theory in four dimensions|^, ^. This state-operator matching has been achieved in 
the planar limit, which simplifies considerably both sides of the duality. Recently another 
example of gauge theory-string theory duality has been proposed based on the worldvolume 
dynamics of multiple M2-branes. This relates type IIA string theory in AdS^ x CP^ with 
M = 6 Chern-Simons matter theory in three dimensions 

In the study of the gauge/gravity duality, an interesting observation is that the AA = 4 



SYM theory can be described by the integrable spin chain model |12, 13, 14|. It was further 
noticed that the string theory also has as integrable structure in the semiclassical limit. 
This integrability nature of both the gauge theory and string theory side has been used 
extensively to understand the duality better. In this connection, Hofman and Maldacena 
(HM) [|l^] considered a special limit where the problem of determining the spectrum of both 
sides becomes rather simple. The spectrum consists of an elementary excitation known as 
magnon which propagate with a conserved momentum p along the long spin chain. In the 
dual formulation, the most important ingredient is semiclassical string solutions, which can 
be mapped to long trace operator with large energy and large angular momenta. For some 



related work see for example pq]-|32|. 



Not so long back the giant magnon and spike solutions for the string on S"^ or 
have been studied pi, ||, |H] In addit ion, the solitonic string configuration in the AdS 



^for related interesting work see |||, |, |, |To[ |T|l . 



- 1 - 



space, whose anomalous dimension corresponds to that of the twist two operator of SYM 
theory or the cusp anomaly, was considered ^] . More recently the semiclassical 

string configuration on AdS^ x has also been investigated in a special parameter region 
31, 4C]. However a general class of solutions for string moving in AdS^ x background 



has been lacking. The aim of this paper is to classify such solutions with the hope that a 
better understanding of these will enable us to investigate more complicated solutions of 
the dual theory on the boundary. 

In this paper, we consider the semiclassical strings moving in AdS^ x S'^ background 
and investigate the relation among various conserved charges of the string configuration at 
various parameter regions. Depending on the parameter region, the macroscopic strings on 
AdSs can be classified to three cases, whose anomalous dimension is proportional to log S, 
5*1/3 or S, where 5 is a conserved angular momentum on AdS^. After that, we generalize 
rotating string on AdS^ to the one rotating on AdS^ x S"^ and study the corresponding 
dispersion relation or the anomalous dimension. 

The rest of the paper is organized as follows. In the section 2, we write down the most 
general equations describing the rotating string in AdS^ x S"^ background. In the section 
3, first we classify various possible string configuration in AdS^. Depending on the region 
of parameter there are three distinct solutions with different anomalous dimensions. We 
further generalize them further by looking at the various shapes of the string. We write 
down the relevant dispersion relations in all the cases. Section 4 is devoted to the study of 
more general string configurations in AdS^ x S"^ and we find out the dispersion relations 
among various conserved charges. In section 5, we present our conclusions. 

2. Semiclassical String configurations in AdS^ x 

In this section we will study the general rotating string solution in AdSs x S"^. We start 
by writing down the relevant metric for AdS^ x 5^ in a particular coordinate system, 

ds'^ = cosh^ pdt'^ + dp'^ + sinh^ p(i(/>^ + d9'^ + sin^ edip'^]. (2.1) 

The Polyakov action for the string moving in this background can be written as 

S=^ j dVV-det hh'''^dax''d(3x''G^^ . (2.2) 

We choose the following parametrization for the semiclassical rotating string in this back- 
ground 

t = kT + hi{y), p = p{y), cl) = ujT + h2(y), 

e = e{y), ^ = UT + g{y), (2.3) 
where y = ar + ba. The relevant equations of motion reduce to 

^1 = 13. I^K 72-^ 



cosh p 
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^2 - 623^ 
1 



9 



{av - 



7r2 



sinh p 
7r4 



sin 



(2.4) 



where ttq, tt2 and 7r4 are integration constants. The above equations of motion have to be 
supplemented by the Virasoro constraints, which are simply given by, in a particular form 



— T'j-'Y -\~ Tfjfj 



0^ + 62, 

ah 



— 2T 



The first Virasoro constraint gives rise to a relation among various parameters 
The second one becomes 







{b'^k'^ + 2bkTro) 



(62 - a2)2 



(62 - a2)2 V 
1 



( 26a;7r2 + 6^(0;^ - k^) sinh^ p + 



(ttI - 7rg) sinh^ p + 7r| 
cosh^ p sinh^ p 



1^%^ sin^ + 26z^7r4 + — 



(b^-a^)^ V " ""^ " ' ' sin2' 



— — fco + ^1 + ^S! 



where in the last equality we have defined 
1 



Kq — 



(62 - a 



2\2 



{b'^k'^ + 26A;7ro), 



A:? = + 



ki = e''^ + 



1 



26a;7r2 + 6^(u;^ - fe^) sinh^ p + 



(62 - a2)2 \^ 
1 



(^2 - -f))sml-i^/j + 7r| 
cosh^ p sinh^ p 



(62 - a 



2\2 



siTL' 9 + 26i^7r4 + - 



Then, the differential equations for p and 9 can be rewritten as 
1 



J2 



Q/2 



6^(0;^ - A;2) sinh^ p + ( 26w7r2 + b^{u;^ - k^ 



(62 — a?) cosh /9 sinh p 
+(6^ - a^)kl^ sinh^ p + {2hu'K2 + (6^ - a'^fkl + (tt^ - tt^)) sinh^ p + tt; 

(62 - a2)2A;2 ^ 27r4 

bu 



2U2 



1/26- 



- sin-* 9 + 



(62-a2)2sin2 
The equation for 9 can be rewritten as 
„, bu 



sm U — 



62 1/2 



(62 — a2) sin 9 



(2.5) 



(2.6) 



(2.7) 



(2. 



(sin^ 9max - sin^ 6')(sin2 9 - sin^ 6'^m), 



(2.9) 



(2.10) 
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for — a^)^ > 26z^7r4 only. The condition sin Ornax — 1 for tli6 infinite size mRgnon or 

spike gives a relation 



Using this, sin 6min becomes 

oin — 

where hv > 11^. 



(2.11) 



sin6lmin = 7-, (2.12) 



3. Classification of the string configurations on AdS^i x S"^ 

From now on, we will consider the special case, k = uj > {} only. An example for k ^ uj was 



investigated in Ref. |31]. For k = uj, the equations of the AdS part are reduced to 



p' = —2 2V~T, r-r— a/ a sinh^ p + T sinh^ p - tt'^, 

(0^ — a^j coshpsmh p » 

auj ) 7 (3-1) 



(^2 - a^) \ sinh^ p 



with 



r = A + vr^-^l^ 

A = (a^ - 6^)2^2 _ 25^^2. (3.2) 

Since there exists a solution only when the inside of the square root in the first equation 
of Eq. ( p.l| ) is positive, we will investigate the range of p accordingly. Depending on the 
parameters, the range of p can be classified as the follows: 

I. A > 

In this case, there exists one boundary value Pmin so that the range of p is given by 
Pmin ^ P < Pmax = oo and p' is rewritten as 

, Va \/ sinh^ p + sinh^ pQ I "2 ^2 

P =73 K —, ysmh p-smh pmin, (3.3) 

0^ — smh p cosh p * 

where depending on the sign of F, on has the following choices 

i) F > 



. ^2 + 4^iA + F 

smh po = ^ 



. 2 VF2 + 47r22A - F 
smh Pmin = ^ , (3.4) 



ii) F = 



sinh^ Po = sinh^ pmin = (3.5) 

V A 



iii) F < 
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smn pq = — — 



2A 

2 vW+4^+|r| 



sinh pmin = ^ • (3.6) 

In addition, the string configuration can also be classified into various cases by looking 
at the shape of the string. For this, we define the slope of the string at a fixed r as 



7^ 



dp 




P' 


d<p 







(3.7) 



For example, the string slope is infinity, and the string configuration has a cusp at pmin- For 
more details, we introduce sinh^ /'c = ^ satisfying 0' = in which the slope TZ diverges. 

case (i) If pc < Pmin, the string slope becomes at pmin and a constant at pmax = oo. 

case (ii) In the case of pc = Pmin, as previously mentioned, the slope at pmin becomes 
infinity so that this string configuration has a cusp at Pmin and a constant slope at Pmax = 
oo. 

case (iii) If pc > Pmin but finite, the string configuration is same as case (i) except 
that it includes a point pc where the sign of the slope is opposite. 

case (iv) If pc = Pmax = oo, the slope becomes zero at pmin and infinity at pmax- This 
case can be obtained when we consider a = 0. 

II. A = 

In this case, the range of p is given by pmin < p < oo. For F > p' becomes 



/ \/r V sinh^ p - sinh^ ^rnm „x 

p - i2 — 12 irrrTT^TT ' y-^-^) 



_Pr, 

6^ — sinh p cosh p 



with 

Sinh^ Pmin = 2 ° 2 • (3-9) 
^0 -^2 

The classification of the string configuration is similar to the previous case. Note that since 
p' becomes zero at p = oo, the string configuration is slightly different from the previous 
cases. For pc < Pmin, the slope TZ vanishes at pmin and Pmax = oo. For pc = Pmin, the 
string slope becomes infinity at pmin and zero at pmax = oo. For pc > Pmin but finite, IZ 
becomes zero at both Pmin and Pmax — oo. For p^ — Pmiaxi with ci — 0, 7^ is zero at Pmin 
and infinity at Pmax = oo. 

In the case of F < 0, there is no string configuration since the inside of the square root 
in the first equation of Eq. (^]^) becomes negative and hence p' becomes imaginary. 
III. A < 

In this case, there exist two boundary values for F > so that the range of p is given 

by Pmin ^ P Pmax- Then, /?' is 



, Y (sinh Pmax - sinh p) (sinh p - sinh pmin) 

^ 6^ — sinh p cosh p ' ( ) 
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where sinh^ Pmax and sinh^ Pmin are 

sinh^ p^a 



sinh^ Pmin 



r + Vr2-47r2|A| 
2|A] 

r-^r2-47r2|A| 
2IAJ 



(3.11) 



For pc < pmin or pc > Pmax, the slopc vanishes at pmin and Pmax- Unhke the previous 
cases, the case of a = corresponds to the case of p^ > Pmax- For p^ = Pmim the string 
configuration has a cusp at Pmin where TZ becomes infinite and a zero slope at Pmax- For 
Pmin < Pc < Pmax, the slopes at Pmin and Pmax vanish and there exist a point where the 
sign of slope is changed. For pc = Pmax, the slope vanishes at Pmin and becomes infinite at 
Pmax ■ Once again for F < 0, there is no string configuration because p' becomes imaginary. 

In the infinite size limit for the giant magnon or spike solutions for the string on 5^ 
with 6 max = 7r/2, the conserved charges are given by: 



E 



2T 



J 

Act) 



(62 


-a2)6 




2T 


(62 


-a?)h 




2T 


(62 


-a^)b 






(62 


-a2)„ 




2 



/pmax 
dp 
rmin 

/pmax 
dp 
,- min 



{b'^U COSh2 p — OTTo) 



p' 

(62 a; sinh2 p — a7r2) 



P' 



(62j,sin2 

df/ rr- 



a7r4 1 



pmax ^ 

dp—{au — 

Pmin P 

■k/2 



T^2 



(62 



sinh p ' 



sm 



(3.12) 



where we consider only the positive quantities. For simplicity, we assume that the ends of 
the open string are located at Pmax in the AdS space and at the same time, 9max on 5*2. 

3.1 Spike on AdSs and a point- like string on ^2 

At first, we consider the string configuration located at a point on {6' = 0). For this, 
we choose u = tt^ = 0, which makes the angular momentum and the angle difference in 
the ^p directions to vanish. So, the string solution for i/ = 7r4 = corresponds to the string 
extend in AdS but a static point particle on S"^. Once again we consider the situation case 
by case like the previous section for different parameter regions. 



I. A > 

1) We first consider the case with a ^ and 62a; ^ a{'Ko — t^2)- The interesting physical 
quantities of this string configuration are 



E-S 



2 {b'^uj - a(7ro - tts)) T 



rpmax 

/ 

" Pm.in. 



dp 



sinhp cosh/? 



^ (sinh^ p + sinh^ po) (sinh^ p - sinh^ Pmin) 
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2T fP^ax gij^]-^ p gQg]^ p fif'i^ sinh^ p — aTT2) 

S = — ^ / dp 

J Pmin J (sinh^ p + sinh^ po) (sinh^ p — sinh^ Pmin) 



2 rpmax 

A(j) = —= \ dp- 



cosh, p [auj sinh^ p — 112) 



sinh pJ (sinh^ p + sinh^ po) (sinh^ p — sinh^ Pmin) 



(3.13) 



where pmaa; =00. In the case of sinhp^m >> !> the dispersion relation can be approxi- 
mately written as 

h'^uj - a(7ro - 7r2), 



E-S 



-TAcp. 



(3.14) 



Note that the dominant contribution of the above integral comes from the large p region. 
So the calculation of the integral gives rise to 



2 {b^u; - a(7ro - vra)) T 

-C/ - ^ ~ ^= Pn 



s 



buT 



As a result, the dispersion relation for Pmax = 00 becomes 
E-S^ ^ — log I 



b^fK 



bujT 



which is the generalization of the GKP string configuration |36]. 



(3.15) 



(3.16) 



2) Let us consider the case = aiji^ — 1:2) ■, the dispersion relation is 

E-S = ^, (3.17) 
which looks like that of the BPS vacuum state. In this case, S and A(/> are given by 



biJT_ 
4\/A 



,2p^ax _^ 4 ( gij^]^2 p^,^ _ gjj^]^2 2a7r2 \ 



62cj ) 



2auj 

^9 ~ -7^ Pmax- 



So S" and E can be rewritten in terms of Acp as 



bujT 

aVa 



,2po _ ,2p..„ ^ 2avr2\ A0,/A 
6^u; / 2auj 



(3.18) 



(3.19) 



3) Now, consider the case a = 0. In this case, A4> has a finite value because the integral is 
regular even at pmin and pmax = 00. On the contrary, E — S and 5 diverge at pmax = 00 
so that we can not represent E — S and S in terms of A(f). However, we can compute the 
dispersion relation for this string configuration, which is 



E-S^^logi-^S]. (3.20) 
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Notice the logarithmic behavior of the anomalous dimension. 
11. A = 

For this case, E — S and S are given by 

E-S V y» ^JJ_^Pma. 



bVf 

S^.^^e^P^^% (3.21) 
so that the dispersion relation becomes 

6Vr \hujT ) ^ ^ 

Like the previous case, if we put b'^u) — a(7ro — TT2) = 0, the string configuration becomes 
BPS-like configuration. In this case, the dispersion relation becomes 

E-5«12V3('^y^%i/3. (3.23) 



III. A < 

For this case, the conserved charges are given by 

{b^u - a(7ro - 7r2)) T 
rLi — o = , TT, 

b^co 



b^\ V 2 

From these, the dispersion relation can be rewritten as 



— (sinh Pmax + Sinh Pmin) - aT^2 TT. (3.24) 



2 (6^0; - a(7ro - 7r2)) A 

E-s= ^ ,^ ^ \" — ' g. 3.25 

For a = 0, the dispersion relation is reduced to a simple form 

E-S= ^^S. (3.26) 
3.2 Spike on AdSs and circular string on S'^ 

Here, we consider the following parameter region: u = and 774 ^ 0. As previously 
mentioned, 1^ = implies 9' = 0. So the string configuration in this parameter region 
describes a circular string on S"^, which is extended in the ■^-direction with an angular 
momentum J at the fixed 9 = 9c- To describe the angular momentum J and the angle 
difference Aip, 9 is not a good variable so that using 

dp pi 
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we can change the integral with respect to in Eq. ( 3.12 ) to 

J = 
A^j = 



2T ff"""-" , a7r4 



(62 - a2)6 



dp— 
P 



(62 



Pmin 

I , ''4 

dp— — ^ 

p sm 



From these, we find 



a sm „ . , 
J = — -TA-ip. 



(3.28) 



(3.29) 



EspeciaUy, since the angular momentum becomes zero for a = 0, the string solution is 
reduced to a static circular string on S'^ . 

For A > 0, the dispersion relation is slightly modified to 



P (6^^-fl(^o-vr2 + vr4))T ^ ( AVA ^ 

E-s-j^ '""Hwr^, 



bVA 



(3.30) 



So the BPS-like configuration appears at 62^; = a{TTQ — + tt^). The dispersion relation 
for a = can be represented in terms of the angle difference Axp on S"^ instead of A(j) on 
AdS 



E-S 



hoj sin 



7r4 
bujT 



log 



'-TAil) 
I bojT 



S 



(3.31) 



For A = 0, when a 7^ the modified dispersion relation is 



E-S- J- 



and at a = it becomes 



{l?uj - a(7ro -Ti2 + TTj)) T / 12yr' 



1/3 



^ - 5 f« 12^/3 



In the case of A < 0, the dispersion relation for a 7^ is modified to 

2 (62^^ - a(7ro - TTa + 7r4)) |A| ^ 



and one for a = becomes 



62 wF - 2a7r2 lAI 



2|A| 
E-S = 4^5. 



(3.32) 



(3.33) 



(3.34) 



(3.35) 



As shown in the above results, at a = the dispersion relations for a circular string on S"^ 
are same as ones for a point-like string on S"^. 
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3.3 Circular string on AdS^ and magnon on S"^ 

In this section, we consider tlie string configuration located at p = pc- Especially, for 
Pc = Pmin = and 7r2 = the string configuration on AdS^ x reduces to the magnon or 
spike on i? X 5*2 located at the center of AdS^. 

For Pc ^ 0, the string configuration on the AdS^ part describes a circular string 
wounded in the (/)-direction. The dispersion relation for this configuration is given by 



E-S-J 



2T 



7r/2 



d9 



b'^LO — a(7ro — tt2 — T^i) — b^J^ sin^ 



(62 - a2)6 

where Eq. ( 3.27| ) is used. To obtain magnon like solution, we impose 

b^u = b^uo — a{TTQ — TT2 — vr4). 



(3.36) 



(3.37) 



such that the values of E — S — J and are finite. Using Eq. (|2.6| ), one gets 



a2z.2 



uj = {b^ - a^)u. 



(3.38) 



In this case, the dispersion relation is given by a similar form of a magnon on i? x 5*2 

P 



E - S - J = 2Tsm - 



(3.39) 



where p = Aip. In more general cases, the conserved charges are represented in terms of 
the Jacobi elliptic integrals so that it is not easy to find the explicit form of the dispersion 
relation. Note that the right hand side of the dispersion relation in Eq. ( |3.36| ) does not 
depend on the value of pc- 



4. More general solution 

In the previous sections, we have considered a solitonic string configuration (spike or 
magnon) on either AdSs or ^2. In this section, we investigate more general solitonic string 
configuration expanding on both AdSs and S"^ space. Using Eq. (3.27), the anomalous 
dimension for this string configuration can be rewritten as 



E-S-J 
2T 



bib"^ - a2 



, b'^LO - a(7ro - vrs - tt^) - b^u r''^ h^ucos^e 

dp ; h / dd' 



2{b'^uj - a(7ro -1^2 + t^a) - b'^y)T Z"''™"^ dp 



,/,9 n\ / , ~\~ 2T COS 6 fYiin- 

bib'^ — a^) Jn P 

The anomalous dimension is reduced to 
i) for A > 

P . {Pu;-a{7ro-7r2-7r^)-b^u)T ^ /^^^A \ 
E - b - J ^ — '- — log I , ^ b I + 2TcOSbmin, 



bVA 



bujT 



(4.1) 



(4.2) 
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ii) for A = 



1 /"^ 

P o (6^a; - fl(7ro -712- ^4) - b^l^) T ( l2Vf\ ^.rj. n (, „^ 

E-S-J^- ^-^= — I I S'''' + 2Tcos9min, (4.3) 

and iii) for A < 

E - S - J ^ — -p— — — S + 2T cos emin- (4.4) 

b^LoT — 2a7r2 |A| 

Especially, for au = tt^ the string configuration on S'^ becomes a magnon, which has an 
infinite angular momentum J and a finite angle difference A^. In this case, the worldsheet 
momentum p equal to the angle difference Aip is given by 

P 

cos - = sin6'™„. (4.5) 
Using this result, the anomalous dimension is 

E-S-J=' - -f - ^ n % + 2Tsm (4.6) 

where the integral with respect to p is proportional to i) log S for A > 0, ii) S^l'^ for A = 
and iii) S* for A < 0. If = a{jXQ — 712) + (6^ — a^)z^, the dispersion relation for this 
configuration becomes to that of the magnon on 

J = 2rsin|. (4.7) 

Though the above dispersion relation is the same as that for the circular string located 
at p = pc in the section 3, the string configuration considered here is a more general one 
extended in the p direction. 

When a7r4 = \?v^ the string configuration on S"^ becomes spike, which has a finite 
angular momentum and an infinite angle difference. The difference of the conserved charges 
becomes 

E-b-J = —5 Y\ / — r + 2rcos6'mm- (4.8) 



bib'^-a?) J„ . p> 

The dispersion relation for the spike configuration is given by 

E-S-TA^l^ 2 {b^u; - a(7ro - n^) + 6(62 _ „2)^/^) ^ [P-^-^ dp 



bib-^ - a2) 

+2Te (4.9) 
where 6 = tt/2 — Omin and the integral with respect to p splits to the three cases like 



Eq. (|4.2|) , Eq. ([4.3D and Eq. (4^) depending on the value of A. For a(7ro — 112) 



b'^oj + 6(6^ — a?)v/a^ this dispersion relation looks like one for a spike on S'^. 
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5. Conclusions 

In this paper, we have investigated a class of string configurations on AdSs x with a 
particular parameter relation k = uj. 

For k = LO, there arc three kinds of the string configuration on the AdS^ space. Each of 
these configurations has a different anomalous dimension proportional to logS" for A > 
and S^^^ for A = 0. In these cases, the string is extended from the minimum of p to 
infinity and depending on the position of pc where the string slope TZ diverges, the string 
configurations can be split into several cases by studying the shape of them. For A < 
since there exist two extremTim points corresponding to minimum and maximum of /?, the 
range of p is given by pmin < P < Pmax-, in which the anomalous dimension is proportional 
to S. 

Furthermore, these string configurations have been generalized to the AdS^ x S"^ case 
having two angular momenta, S in the AdS and J in the S'^. Here, we have obtained the 
generalized dispersion relation for the string configuration on AdS^ x S"^. 
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